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In this paper, the necessary and sufficient condition for the existence of a 1-rotational 
Sx(2, 3, v) design is obtained, and it is shown that an Sx(2, 3, v) design, if it exists, can be 
always constructed cyclically 
1° Introduction 
An Sx(t, k, v) design is a pair (V, B), where B is a collection of k-subsets (called 
blocks) of the v-set V, such that every t-subset of V is contained in precisely A 
blocks of B. In this paper, we are especially interested in Sx(2, 3, v) designs. The 
following theorem is well known (see H. Hanani [4]). 
Theorem 1. An So(2, 3, v) design exists if and only if 
(1) k ---- 1, 5 (lnod 6), v - 1, 3 (mod 6), 
(2) A m 2, 4 (mod 6), v - 0, 1 (rood 3), 
(3) k ~ 3 (mod 6), v - 1 (mod 2), 
(4) A = 0 (mod 6), v/> 3. 
Let Z-,o be the additive group of integers modulo v. P~ cyclic SA(t, k, v) design is 
an Sx(t, k, v) design with V= Z~ for which if {a~, a2 . . . . .  ak} is a block, {al+ 
1, a2+l  . . . . .  ak+l}  is also a block. A cycle class in B is a set of blocks 
{{at+i, a2+i . . . . .  ak +iJl i ~ Zo}, where {ai, a2 . . . . .  ak}~B, and a cycle length is 
the number of blocks in a cycle class. An initial block is a block with zero elemer~t 
taken arbitrarily from each cycle class. On cyclic Sx(2, 3, v) designs, M.J. Col- 
bourn and C.J. Colbourn [2] proved the following theorem. 
Theorem 2. The necessary condition for the existence of a cyclic SA(2, 3, p) design, 
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which is that 
(1) ~t .= 1, 5, 7, 11 (mod 12), v .= 1, 3 (mod 6), 
(2))t  -2 ,  10 (mod 12), v~0,  1, 3, ~, 7, 9 (mod 12), 
(3) ~, - 3, 9 (mod 12), v - 1 (rood 2), 
(4))t  -- 4, 8 (mod 12), v .= 0, ] (mod 3), 
(5))t  -=6 (mod 12), v.=O, 1, "4 (mod 4), 
(6))t .=O (rood 12), v>~3, 
is also suffwient with only two exceptions; a cyclic St(2, 3, 9) design and a cyclic 
$2(2, 3, 9) design do not exist. 
A 1-rotational Sx(t, k, v) design is a cyclic Sa(t, k, v) design with V = {oo} t_J Z~_~, 
where -~+ 1 = oo. The terminology of a r-rotational SA(t, k, v) design is defined by 
K.T. Phelps and A. Rosa [7] for t = 2, 1¢ = 3, and A = 1. 
In this paper, we shall show the following theorem. 
Theorem 3. The necessary and sufficten: condition for the existence of a 
rotational SA(2, 3, v) design is 
(1))t  = 1, v=3,9  (rood24), 
(2))~ = 1, 5 (rood 6). h. # 1, v --- 1, 3 (mod 6), 
(3) A --- 2, 4 (mod 6), v =- 0, 1 (mod 3), 
(4))t  = 3 (mod 6), v --- 1 (mod 2). 
(5))t  --- 0 (mod 6), v >i 3. 
. 
Thus, an S~(2, 3, o) design, if it exists, can be always constructed in th, form of 
a cyclic SA(2, 3, v) design or a 1-rotational S~(2, 3, v) design. We note that its 
construction ;s fundamental and very simple. 
2. The case of h=l ,  2 
K.T. Phelps and A. Rosa [7] proved the following lemma for the case of 
,~=1. 
l~mma 1. The necessary and su~cient condition for the existence of a 1-rotational 
St(2, 3, v) design is v ---3, 9 (mod 24). 
We consider the case of A = 2. 
Let x, y, and z be elements of 2~0_~ -{0}. When none of them exceeds ~(v -  1), 
if either x, y, and z sum to v -1 ,  or one is the sum of the other two, then the 
triple x y z is called a Hettter triple (see L. Hettter [5] and M.J. Colbourn and 
R.A. Mathon [3]). Let D(v,X) be the multiset containing each i for 6 '< i< 
½(v-1) ~, times when v is even. When v is odd, D(v, ~) contains each i for 
0< i<½(v- 1) 7~ times and the integer ½(v -1 )  ½;t times (thus ,k is even). Here-  
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after let I = ½(v - 1). 
By Theorem 1, we have v---0, 1 (mod 3). If we can partition D(v, 2)-{x} into 
Heffter triples, for a suitable x~ I, then we can construct a 1-rotational $2(2, 3, v) 
design with an initial block {oo, 0, x}. When v -- 0 (mod 6), we have the following 
partition of D(v, 2)-{x} into Heffter triples. 
Case 1. v=12m,  m>~l,x=6m-1.  
1 3m 3m+1 1 3m-1  3m 
3 3m-1  3m+2 3 3m-2  3m+l  
2m-1  2m+1 4m 2m- I  2m 4m-1  
2 5m-1  5m+1 2 5m-2  5m 
4 5m-2  5m+2 4 5m-3  5m+l  
2m-2  4m+l  6m-1  2m-2  4m 6m-2  
2m 5m-1  5m 
Case 2. v=12m+6,  m~>0, x=6m+2.  
1 3m 3m+l  1 5m+l  5m+2 
3 3m-1  3m+2 3 5m 5m+3 
2m-1  2m+l  4m 2m+l  4m+l  6m,2  
2 5m 5m+2 2 3m 3m+2 
4 5m-1  5m+3 4 3m-1  3m+3 
2m 4m+l  6m+l  2m-2  2m+2 4m 
2m 3m + 1 5m + 1 
Similarly, if we can partition D(v, 2) -  {l, ~(v - 1)} into Heffter triples, then we can 
construct a 1-rotational $2(2, 3, v) design with the initial blocks {oo, 0, l} (taken 
twice) and {0,-~(v- 1), ~(v-  1)}. When v-= 1 (rood 6), we have such partitions as 
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1 3m 3w -1 
3 3m-1  3m+2 
2m-1  2m+l  4m 
2 5m-1  5m+l  
4 5m-2  5m+2 
2m-2  4m+l  6m-1  
2m 5m 5m 
1 3m-1  3m 
3 3m-2  3m+l  
2m--1 2m 4m-1  
, taken twice 
Case 4. v=12m+7,  m~O. 
1 5m+2 5m+3 1 3m+l  3m+2 
3 5m+l  5m+4 3 3m 3m+3 
2m- I  4m+3 6m+2 2m-1  2m+2 4m+l  
2 3m 3m+2 2 5m+l  5m+3 
4 3m- I  3m+3 4 5m 5m+4 
2m 2m+l  4m+l  2m 4m+2 6m+2 
2m+l  3m+l  5m+2 
Next, we consider the case when v -  3, 4 (mod 6). 
Case 5. v -3 (mod6) .  D.F. Hsu [6, page 152] obtained a 1-rotational 
Sz(2, 3, v) design. 
Case 6. v-=4(mod6). Also, D.F. Hsu [6, page 149] obtained a cyclic 
$2(2 3, v - l )  design with the initial block {0, ~(v-1), ](v-1)}, when v -  
4 (rrod 6), v ~> 16. If we take the initial block {oo, 0, ](v - 1)} instead of the initial 
b! .'vck {0,½(v-1), ~(v-1)}, then we have a 1-rotational $2(2, 3, v) design. The 
~.ritiai blocks {oo, 0, 1} and {0, 1, 2} give a 1-rotational S2(2, 3, 4) design, and the 
initial blocks {oo, 0, 4}, {0, 1, 2}, {0, 2, 5} and {0, 3, 6} give a 1-rotational $2(2, 3, 10) 
design. 
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By the above argument, we have the following lemma. 
Lemma 2. The necessary and sufficient condition for the existence of a. 1-rotational 
$2(2, 3, v) design is v - 0, 1 (mod 3). 
3. qt]ae e~e of k = 3 
If we can partition D(v, 3)U{I}-{~} into Heffter triples, where 0 < x < 1, then 
we can construct a 1-rotational $3(2, 75, v) design with ini:tial blocks {oc, 0, i} and 
{0% 0, x}. We have such partitions as follows: 
Case 1. v=12m-~! ,  m>~l, x=5m. 
1 3m +1 3m +2 1 
3 3m 3m+3 3 
2m-1  2m+2 4m+l  2m-1  
3m-1  3m 
3m-2  3m+l  
2m 4m-1  
2 5m 5m+2 2 5m-15m+l  
4 5m-1  5m+3 4 5m-2  5m+2 
2m-2  4m+2 6m 2m-2  4m+l  6m-1  
2m 5m-1  5m+l  2m+l  4m 6m-1  
taken twice 
2 5m -2  5m 
4 5m-3  5m+l  
2 : : 
2m-2  4m 6m-2  
Case 2. v=12m+3,  m>~l, x=5m+l .  
1 3m-1  3m 
3 3m-2  3m+1 
2m-1  2m 4m-1  
2 5m-1  5m+l  
4 5m-2  5m+2 
2m-2  4m+l  6m-1  
1 3m+l  3m+2)  
3~ 3m~ 3m+3ttaken  
2m-1  2m+2 4m+l J  
twice 
2 5m 5m+2 
4 5m-1  5m+3 
2m-2  4m+2 6m 
2 5m+l  5m+3 
4 5m 5m+4 
2m-2  4m+3 6m+l  
2m 5m 5m+2 2m+1 2m+1 4m+2 2m 4m 6m 
38 S. Kuriki, M. Jimbo 
When v = 3, we have a 1-rotational $3(2, 3, 3) design because of the existence 
of a 1-rotational $1(2, 3, 3) design 
Case 3. v=12m+5,  m~>O, x=3m+l .  
1 5m ittimes 2 3m 3. 21taken 3 5m 5m+ taken 4 3m-1  3m+3 three three : : • : : 
2m- I  4m+2 6m+ 2m 2m+l  4re+l )  times 
3m+l  3m+l  6m+2 
Case 4. v=12m+7,  m>~O,x- -5m+2 
1 3m+2 3m+3 
3 3m+l  3m+4 
2m-1  2m+3 4m+2 
1 3m 3m+l  1 
3 3m- l !  3m+2/~m 
2m-1  2m+l  4 ) 
2 5m+2 5m+4 2 5m+l  5m+3 
4 5m+l  5m+5 4 5m 5m+4 
2m 4m-L3 6m+3 2m 4m+2 6m+2 
2m-~2 5m+l  5m+3 2m+l  4m+l  6m+2 
taken twice 
2 5m 5m+2 
4 gin-- 1 5m+3 
: * • 
2m 4m+i  6m+l  
Case 5. v= 12m+9, m>~O,x=5m+2.  
1 3m+2 3m+3 
3 3m+l  3m-r4 
. : . 
2m- I  2m+3 4m+2 
2 5m +2 5m +4 
4 5m 4-1 5m+5 
2m 4m+3 6m+3 
3 3m 3m+ 
taken 
2m-1  2m+2 4m+l J  
2 5m+l  5m+3 
4 5m 5m+4 
: , z 
2m 4m+2 6m+2 
twice 
2 5m+3 5m+5 
4 5m+2 5m+6 
• .. : 
2m 4m+4 6m+4 
2m+l  2m+2 4m+3 2m+l  4m+2 6m+3 2m+l  5m+3 5m+4 
On t-rotational Sx(2, 3, v) designs 
Case 6. v=12m+11,  m~>l, x=5m+5.  
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1 3m+3 3m+4 1 3m+2 3m+3)  
3: 3m+2: 3m+5: 3: 3m+1: 3m.+4 / 
2m+l  2m+3 4m+4 2m+l  2m+2 4m:+3J  
2 5m+4 5m+6 2 5m+3 5m+5"1 
4 5m+3 5m+7 4 5m+2 5m+ 
2m 4m+5 6m+5 2m 4m+4 6m+ 
2m+2 5m+4 5m+4 
taken twice 
taken twice 
When v = 11, the initial blocks {o% 0, 5} (taken three times), {0, 1, 3} (taken 
twice), {0, 1, 4} and {0, 2, 6} give a 1-rotational S3(2, 3, 11) design. 
By Theorem 1 and by the above argument, we have the following lemma. 
Lemma 3. The necessary and sul~icient condition for the existence of a I-rotational 
$3(2, 3, v) design is v --- 1 (rood 2). 
4. The case o| k = 5, 6, and 7 
By T'neorem 1 and Lemmas 2, 3 the following lemma is evident. 
Lemma 4. The necessary and su~icient condition for the existence of a l-rotational 
Sx(2, 3, v) design, for A = 5, 7 is v ---- 1, 3 (mod 6). 
We consider the case of )t = 6. By Lemma 3, ir it evident that a 1-rotational 
$6(2, 3, v) design exists when v ~ 1 (mod 2). When v =- 0 (mod 2), we modify the 
cyclic $6(2, 3, v - 1) design obtained by D.F. Hsu [6, page 163]. We take one initial 
block {0, a, b} from its cyclic S6(2, 3, V -- 1) design. If we take the following three 
initial blocks {~, 0, a}, {0% 0, b} and {oo, 0, a-b}  instead of the initial block 
{0, a, b}, then we have a 1-rotational $6(2, 3, v) design. Thus, we have the 
following lemma. 
Lemma 5. The necessary and sufficient condition for the existence of a l-rotational 
$6(2, 3, v) design is v ~ 3. 
We complete the proof of Theorem 3 by virtue of the above lemmas. 
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It was pointed out by the referees that the results of this paper have been 
obtained independently by C.J. Cho [1]. 
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